We study analytically the existence and uniqueness of the ground state of the nonlinear Schrödinger equation (NLSE) with a general power nonlinearity described by the power index σ ≥ 0. For the NLSE under a box or a harmonic potential, we can derive explicitly the approximations of the ground states and their corresponding energy and chemical potential in weak or strong interaction regimes with a fixed nonlinearity σ. Besides, we study the case where the nonlinearity σ → ∞ with a fixed interaction strength. In particular, a bifurcation in the ground states is observed. Numerical results in 1D and 2D will be reported to support our asymptotic results.
Introduction
In this paper, we will consider the dimensionless time-independent nonlinear Schrödinger equation (NLSE) in d dimensions (d = 3, 2, 1) [3, 4, 8, 13, 21, 22 ] V := V (x) is a given real-valued potential bounded below, β ≥ 0 is a dimensionless constant describing the repulsive (defocussing) interaction strength, σ ≥ 0 represents different nonlinearities, and the eigenvalue (or chemical potential in physics literature) µ := µ(φ) is defined as [3, 4, 13, 21] µ(φ) = E(φ)
3) with the energy E := E(φ) defined as [4, 22] E(φ) = If Ω is bounded, the homogeneous Dirichlet BC, i.e. φ(x)| ∂Ω = 0, needs to be imposed. Thus, the time-independent NLSE (1.1) is a nonlinear eigenvalue problem under the constraint φ = 1. It is a mean field model arising from
Bose-Einstein condensates (BECs) [2, 3, 13, 16] , nonlinear optics [12] , and some other applications [1, 21, 22] that can be obtained from the N-body Schrödinger equation via the Hartree ansatz and mean field approximation [4, 11, 19, 21] .
When β = 0 or σ = 0, it collapses to the time-independent Schrödinger equation.
When σ = 1, the nonlinearity is cubic and it is usually known as the GrossPitaevskii equation (GPE) [3, 13, 14, 21] . When σ = 2, the nonlinearity is quintic and it is used to model the Tonks-Girardeau (TG) gas in BEC [15, 17, 19, 23] .
The ground state of the NLSE (1.1) is usually defined as the minimizer of the non-convex minimization problem (or constrained minimization problem) [3, 4, 13, 16] φ g = arg min φ∈S E(φ), (1.5) where S = {φ | φ 2 2 := Ω |φ(x)| 2 dx = 1, E(φ) < ∞, φ| ∂Ω = 0 if Ω is bounded}.
Since S is a nonconvex set, the problem (1.5) is a nonconvex minimization problem. It is easy to see that the ground state φ g satisfies the time-independent NLSE (1.1). Hence it is an eigenfunction (or stationary state) of (1.1) with the least energy.
The main purpose of this paper is to study the existence and uniqueness of the ground state of the NLSE and its approximations under a box or a harmonic potential in special parameter regimes. The rest of this paper is organized as follows. In Section 2, we study analytically the existence, uniqueness and nonexistence of the ground state of the NLSE. In Section 3, we derive the ground state approximations and energy asymptotics under a harmonic potential for different β's and σ's. Similar results are presented in Section 4 for the NLSE under a box potential. Some conclusions are drawn in Section 5.
Existence and uniqueness
In this section, we will generalize the existence and uniqueness results for the GPE case [4, 20, 24] , where σ = 1, to a general case with a nonnegative σ.
For simplicity, we introduce the function space
where
The following embedding results hold [4] .
Lemma 2.1. Under the assumption that V (x) is nonnegative and satisfies the confining condition, i.e. lim
In the d-dimensional space, where d = 1, 2, 3, let C b (d, σ) be the best constant in the following inequality [24] 
Then we have the following theorem regarding the existence and uniqueness of the ground state. 
Furthermore, the ground state can be chosen as nonnegative |φ g |, and φ g = e iθ |φ g | for some constant θ ∈ R. For σ > 0 and β ≥ 0, the nonnegative ground state is unique.
In contrast, there exists no ground state if one of the following conditions
Proof. We separate the proof into the existence and nonexistence part.
(1) Existence. The inequality [18] |∇|φ(x)|| ≤ |∇φ(x)|, a.e. 4) where the equality holds iff φ = e iθ |φ| for some constant θ ∈ R. Therefore, it suffices to consider the real-valued functions for the rest part of the proof.
We first claim that the energy is bounded from below under the condition (i), (ii) or (iii). For case (iii), it is trivial to see that the energy is bounded below by 0. For case (i) or (ii), the lower boundedness can be shown via the GagliardoNirenberg inequality. For any φ ∈ S, the Gagliardo-Nirenberg inequality implies 5) where σ is required to satisfy 0 < σ ≤ 2 when d = 3 and σ > 0 when d = 1 or 2. For case (i), noticing dσ < 2 and applying the Hölder's inequality, we have 6) which yields the claim by choosing a sufficiently small ε.
For case (ii), we have dσ = 2 and the inequality (2.5) now becomes 8) and therefore the energy (1.4) is bounded from below.
Hence for cases under condition (i), (ii) or (iii), we can take a sequence
to minimize the energy (1.4) in S, and the sequence is uniformly bounded in X. Taking a weakly convergent subsequence, which is denoted as the original sequence for simplicity, we have
Lemma 2.1, and we get φ ∞ = 1 in particular by taking p = 2. Further, from the lower-semicontinuity of the H 1 norm and Fatou's lemma, we can show
, which implies that φ ∞ ∈ S is indeed a ground state. Thus we proved the existence of the ground state. When β ≥ 0 and σ > 0, the uniqueness of the ground state comes from the strict convexity of the energy functional.
(2) Nonexistence. We take φ(
It is easy to check that φ ε (x) = φ(x) = 1 for all ε > 0 and
Under condition (ii'), i.e. β < 0 and dσ > 2, we have E(φ ε ) → −∞ as ε → 0 + and therefore there exists no ground state. For case (i'), we have − 
Therefore, under condition (i') or (ii'), E(φ ε ) is not bounded from below and thus there exists no ground state.
Approximations under a harmonic potential
In this section, we take Ω = R d and the external potential
to be a harmonic potential with γ j > 0. We denote the ground state as φ 
and the corresponding energy and chemical potential can be approximated as
Proof. When β = 0, all eigenfunctions of (1.1) can be expressed via the Hermite functions, and the ground state is exactly φ 0 g in (3.1). When 0 < β ≪ 1, we can approximate the ground state φ 2 , we get (3.2) and (3.3), respectively. The detailed computation is omitted here for brevity.
We can further prove rigorously the convergence of the approximate ground state for this case and the result is formulated as the following theorem.
Theorem 3.1. Consider the NLSE (1.1) with σ > 0 and
Proof. We start the proof by showing the case β → 0 + for general σ > 0. Define
The minimizer of E 0 (·) exists and is unique by the strict convexity of E 0 (·) [4] .
For 0 < β ≪ 1, a simple computation shows that
), and ∇φ
LV is uniformly bounded above, i.e. ∇φ β,σ g ≤ C and φ β,σ g LV ≤ C for some constant C. The boundedness of the H 1 norm implies that there existsφ ∈ H 1 such that φ β,σ g →φ weakly in H 1 . We claim that φ β,σ g →φ strongly in L 2 . For any η > 0, the confinement of the external potential implies that there exists R such that
While in the bounded domain {x | |x| ≤ R}, the Sobolev embedding theorem
Since η is arbitrary, we proved our claim. Consequently, φ = 1 andφ ∈ S.
Further, we claim thatφ = φ 0 g . In fact, from the lower-semicontinuity of the H 1 norm and the Fatou's lemma, we have
Therefore,φ is a ground state and we must haveφ = φ 0 g by the uniqueness of the ground state. What's more, we have E 0 (φ) = lim β→0 + E(β, σ). As a consequence, ∇φ . Therefore for the lower bound part of (3.5),
and thus we still have lim β→0
) and the uniform boundedness of ∇φ β,σ g and φ β,σ g LV . The remained part of the proof is essentially the same and is omitted here for brevity.
When β ≫ 1, we have the following lemma about the approximation of the ground state.
Lemma 3.2. When β ≫ 1, i.e. the strongly repulsive interaction regime, the ground state can be approximated as
otherwise, (3.10) and the corresponding energy and chemical potential can be approximated as
where B(a, b) is the standard beta function and
and define
It is easy to check that ε → 0 + as β → +∞ and φ ε g minimizes E ε (·) iff φ β,σ g minimizes E(β, σ). From (3.13), it is natural to assume that the ground state φ ε g converges to the ground state of the following energy as ε → 0, 14) which drops the kinetic energy part. The minimizer of (3.14) is usually called the Thomas-Fermi (TF) approximation in the literature. The Euler-Lagrange equation of (3.14) implies the TF approximation satisfies the following equation
Solving the above equation, we get (3.10). Substituting (3.10) into (1.2) and (1.3), we get (3.11) and (3.12), respectively. The detailed computation is omitted here for brevity.
Now we consider the case β → −∞ when dσ < 2. In this case, there will be a strong attractive interaction between particles. Set φ
, it is natural to assume that ground state φ ε g converges to the state φ − which minimizes the following energy
This implies that we can approximate the ground state φ β,σ g by the ground state of the following nonlinear eigenvalue problem when β < 0 and |β| ≫ 1,
Notice that there is no external potential term in the equation (3.18) , the approximation does not depend on the external potential we choose.
Here we provide accuracy tests for the asymptotic results shown in Lemma 3.1 and Lemma 3.2. From Fig. 3 .1, we can see that our approximations agree with the exact values very well in both weak and strong interaction regimes. 
(3.20)
(ii) If γ > π, the ground state converges to
where ϕ(x) is the unique positive ground state of the following linear eigenvalue problem with µ the corresponding eigenvalue
with the constant x γ ≥ 0 determined by
Proof. In order to find the limit of φ β,σ g (x) when σ → ∞, the main idea is to determine which term on the left hand side of (1.1) is negligible when σ >> 1.
Note that
In the region where |φ(x)| < 1, the nonlinear term can be dropped and we get the linear approximation, whose solution is the Gaussian function. In the region where |φ(x)| > 1, the diffusion term can be dropped and we get the TF approximation. Therefore, there are two possible cases about the limit
otherwise.
(i) When 0 < γ ≤ π, the linear approximation suggests that φ app (x) = γ π ≤ 1 for x ∈ R. Note that the requirement that sup x∈R φ app (x) ≤ 1 implies that 0 < γ ≤ π. Therefore, we get the necessary and sufficient condition about γ for (3.19) to be true.
(ii) When γ > π, we may expect neither the linear approximation nor the TF approximation is valid for x ∈ R. Instead, a combination of the linear approximation and TF approximation should be used. To be more specific, In order to check our asymptotic results in Lemma 3.3, we solve the time- independent NLSE (1.1) numerically by using the normalized gradient flow via backward Euler finite difference discretization [4, 5, 6, 7] to find the ground states and the corresponding energy. when γ → π, 
Approximations under a box potential
In this section, we take Ω = can be approximated as When β ≫ 1, similar to the harmonic potential case, we adopt the TF approximation for the ground state.
Lemma 4.2. When β ≫ 1, i.e. strongly repulsive interaction regime, the ground state can be approximated as
Proof. Similar to the proof in Lemma 3.2, we drop the diffusion term in (1.1) with V (x) ≡ 0 and get
Solving the above equation, we get
can be determined by plugging (4.7) into the normalization condition (1.2).
And thus we obtain (4.4). Inserting (4.4) into (1.3), we obtain E T F g .
Note that the TF approximation (4.4) does not satisfy the homogeneous Dirichlet BC. Therefore, the approximation is not uniformly accurate. In fact, there exists a boundary layer along ∂Ω in the ground state when β ≫ 1. Similar to the case of σ = 1 [9, 10] , by using the matched asymptotic expansion method,
we can obtain an approximation which is uniformly accurate when β ≫ 1.
Lemma 4.3. When β ≫ 1, i.e. strongly repulsive interaction regime, a uniformly accurate ground state approximation can be given as
), (4.8)
by the normalization condition (1.2) and ϕ σ (x) satisfies the problem
Proof. For the simplicity of notation, we only prove it in 1D here. Extension to higher dimensions can be done via dimension-by-dimension. When d = 1, there are two boundary layers in the ground state at x 1 = 0 and x 1 = L 1 , respectively. Near x 1 = 0, we introduce the new variables
Substituting (4.10) into (1.1) with d = 1, Ω = (0, L 1 ) and V (x) ≡ 0 and then removing all˜, we get (4.9). After obtaining the solution of (4.9), an inner approximation of the ground state near x 1 = 0 is given as
Similarly, we can get the inner approximation of the ground state near
Combining (4.11), (4.12) and the outer TF approximation (4.4), using the matched asymptotic expansion method via denoting µ TF g and µ g (β, σ) by µ MA g , we can obtain (4.8).
When σ = 1, the solution of (4.9) is given as ϕ 1 (x) = tanh(x) for x ≥ 0 [9, 10] . For 0 < σ = 1, in general, the problem (4.9) cannot be solved explicitly. 
(4.13)
Combining Lemmas 4.3 and 4.4, we get the width of the boundary layers in the ground state in strongly repulsive interaction regime, i.e. β ≫ 1, is of order
for any σ > 0, which is the same as in the GPE case [9, 10] .
As for the case β → −∞ with dσ < 2, the limiting ground state should be the same as for the hamonic potential case since there is no external potential term in (3.18). The details are omitted here for brevity.
Now we check the accuracy of the energy asymptotics in Lemma 4.1 and 4.2. 
When σ → ∞ under a fixed β > 0
Here we assume β > 0 is a given constant and we shall study the limit of the ground state φ β,σ g when σ → ∞. For simplicity, we will only consider the NLSE in 1D on a bounded interval Ω = (0, L) with L > 0. 
14)
(ii) If L ≥ 2, the ground state converges to the linear approximation
Proof. Similar to the proof in Lemma 3.3, we need to determine which term on the left hand side of (1.1) is negligible when σ >> 1. In the region where |φ(x)| < 1, the nonlinear term can be dropped and we get the linear approximation, whose solution is the sine function. In the region where |φ(x)| > 1, the diffusion term can be dropped and we get the TF approximation, whose solution is a constant. Therefore, there are three possible cases concerning the limit φ
that L ≤ 1. Therefore, we get the necessary and sufficient condition about L for (4.14) to be true.
(ii) When L ≥ 2, the linear approximation suggests that φ
Note that the requirement that sup 
Thus, we have
In [0, x σ c ), dropping the nonlinear term in (1.1) and substituting the approximate solution into it, we get is from definition (1.4), i.e.
However, direct computation by using (4.19) may be unreasonable because we cannot get the limit of
In fact, to get E g (β, ∞), we only need the upper limit of 
Conclusions
We generalized the existence and uniqueness of the ground state from the 
